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Abstract 


The Krasnosel’skii type degree formula for the equation ii = —Au+F{u) 
where A : D{A) E is a linear operator on a separable Banach space E 
such that —A is a generator of a Cq semigroup of bounded linear operators 
of E and E : E ^ E is a locally Lipschitz k-set contraction, is provided. 
Precisely, it is shown that if V is an open bounded subset of E such that 
0 0 {—A + F){dV n D{A)), then the topological degree of —A + F with 
respect to V is equal to the fixed point index of the operator of translation 
along trajectories for sufficiently small positive time. The obtained degree 
formula is crucial for the method of translation along trajectories. It is 
applied to the non-autonomous periodic problem and an average principle 
is derived. As an application a first order system of partial differential 
equations is considered. 


1 Introduction 

We are concerned with the periodic problem associated with a differential 
equation of the form 


u{t) = —Au{t) + F{t,u{t)) on [0,T] 
m(0) = u{T) 



where A : D{A) E is a. linear operator on a separable Banach space such that 
—A generates a Cq semigroup {SA(t) : E — )■ E}t>o of bounded linear operators 
such that ||S'^(t)|| < for some hxed a; > 0 and any t >0, and E : [0, T] xi? — )■ 
is a locally Lipschitz map with respect to the second variable, having sublinear 
growth and with k G [0,a;) such that, for any bounded Q (Z E, /{E{Q)) < kl3{Q) 
where / stands for the Hausdorff measure of noncompactness. 

In general, one may speak of two topological approaches to the T-periodic 
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problem associated with {Pa,f) (T > 0 is a fixed period). One is to formulate 
it as a fixed point problem for a proper solution operator in a suitable space 
of functions (see e.g. [lO]) and the second way for finding T-periodic solutions, 
which we follow, is to seek fixed points of the translation along trajectory operator 
■ E ^ E associated with the equation {Pa,f) (see e.g. |1] and m)- The 
crucial point in our approach is the proper version of a degree formula stating 
that, if F is time-independent, then the fixed point index of the operator : 
E ^ E, for small f > 0, is equal to the topological degree of —A -1- F (with 
respect to proper open bounded subsets of E). We shall prove such a degree 
formula, which is an infinite dimensional extension of the Krasnosel’skii theorem 
for ordinary differential equations in finite dimensional spaces (see [I2])- By use 
of the obtained formula, we prove a criterion for finding periodic solutions of 
{Pa,f) in the spirit of Mawhin ([H]), Schiaffino-Schmitt ([T7]i and Kamenskii- 
Obukhovskii- Zecca (HO]). The obtained abstract method is applied to a system 
of partial differential equations. The paper is organized as follows. In Section 
2 we provide basic definitions and facts concerning the topological degrees for 
fc-set contractions and perturbations of operators generating Co semigroups of 
contractions. In Section 3, we prove the degree formula, which is to be used in 
one of the next sections, for the the equation ii = —u + F{u), where F is a k-set 
contraction. Section 4 is devoted to general compactness properties of solution 
operators for ii = —Au + F{t,u) with initial conditions. In Section 5 we prove 
the main result of the paper - the degree formula. We reduce it, by a proper 
homotopy, to the result of Section 3. Finally, Section 6 provides an abstract 
continuation principle for periodic solutions and its application. 


2 Topological degree 


In the first part of this section we provide basic information on the degree 
theory for fc-set contraction, mainly due to [15]. In the second part of the section 
we carry out a standard construction of the degree for perturbations of generators 
of Co semigroups of contractions. For a survey on the topological degree theory 
for perturbations of accretive operators we refer to m- 

Recall that a continuous map F : X ^ E, where X is a closed bounded 
subset of a Banach space E, is called a k-set contraction if there exists a constant 
k G [0,1) such that, for any hi C X, 

fd{F{n)) < k/3{Q) 

where jS stands for the Hausdorff measure of noncompactness given by I3{fl) := 
infjr > 0 I n can be covered with a finite number of balls (in E) of radius r} (see 
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e g H], ID or |10)). A compact convex set C (Z E is said to be a fundamen¬ 
tal set (for F) provided F{X H C) Z C and, for any x E X, the condition 
X G conv ({F(x)} U C) implies x E C. 


Remark 2.1 Let F : X ^ E he as above and define {Cn)n>o a sequence by 
Cq := conv ({xo} U F{X)), Cn := conv ({xq} U F{X fl for n > 1 where Xq 

is an arbitrary point from X. Then, one can verify that, Cn Z Cn-i, for n > 1, 
and C := is a fundamental set for F. 

A vector held I — F : U ^ E, where 1/ C -E is an open bounded set, is called 
admissible if F is a fc-set contraction (with some k G [0,1)) and F has no hxed 
points in the boundary dU. Let C be any fundamental set for F and Fc U ^ E 
be a continuous extension of such that Fc{U) Z conv F( 17 fl C), existing 

due to the Dugundji extension theorem (see [6]). Then, by the invariance of C, 
Fc{U) Z (7, which implies that Fc is compact. Moreover, if, for some x E U, 
Fc{x) = X, then x E C, which gives F{x) = Fc{x) = x and x E U. Therefore 
the following dehnition of the topological degree makes sense 

(1) deg(J - F, U) := deg^ 5 (J - Fc, U) 

where degc 5 stands for the Leray-Schauder degree (with respect to 0 G F). One 
may prove that the degree is independent of the choice of a fundamental set and 
an extension Fc- It has the following standard properties of a topological degree: 
(Dl) If deg(/ — F,U) 0, then there exists x E U such that F(x) = x. 

(D2) If F : U ^ E is admissible and Ui,U 2 Z U are open and disjoint sets such 
that {x G 17 I F(x) = x} C 17i U U 2 , then 

deg(/ -F,U) = deg(/ - F, 17i) + deg(/ - F, U 2 ). 

(D3) Let 77 : 17 X [0,1] —)■ F be an admissible homotopy, i.e. a continuous map 
such that 

(i) there exists k E [0,1) such that, for any O C 17, 

/3(77(0 X [0,1])) < k/3(Q), 

(ii) 77(x. A) 7 ^ X for any (x. A) G dU x [0,1]. 

Then 

deg(7 - 77(-, 0), 17) = deg(7 - 77(-, 1), 17). 

(D4) If xo G 17, then deg(7 — xq, 17) = 1. 


Remark 2.2 It will be useful in the sequel to know that if 7 — F : 17 —)■ F is 
an admissible k-set contraction vector held, then there exists a locally Lipschitz 
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compact vector field I — Fl : U ^ E homotopic to I — F via an admissible 
homotopy. Indeed, find Fc as in Since F is a fc-set contraction, its fixed 
point set is compact and one has p := inf{||x — F(a;)|| | x G dU} > 0. By the 
Lasota-Yorke theorem there exists a locally Lipschitz map Fi ■. U ^ E such that 
\\FLix) — Fc{x)\\ < p/2, for any x E U and Fl{U) C conv Fc{U) C C. To see 
that I — Fl is homotopic to I — F, define if : x [0,1] —)■ F by 

H{x,X) := {1 - X)F{x) + XFl{x). 

Clearly, for any fl G U, one gets 

/3{H{fl X [0,1])) < /3(conv [F{fl) U C]) = /3{F{fl)) < k(3(fl). 

Furthermore, if for some {x, X) G dU x [0,1], H{x, X) = x, then x G conv ({F(a;)}U 
C), which implies x E C and, consequently, ||a; — F(a:)|| = A||Fi(a;) — F(a;)|| = 
M\Fl {x) — Fc{x)\\ < p/2, a contradiction. 


The topological degree can be extended onto the class of condensing vector 
fields. For any admissible condensing vector field I — F : U ^ E with open 
bounded U G E, i.e. such that F is continuous, (d{F{fl)) < (d{fl) for any fl G U 
with (3{kl) > 0, and 0 ^ (/ — F){dU), there exists A G (0,1) such that 

(2) 0 ^ (/ - (1 - A)F) {dU) for any A G (0, A]. 

Indeed, if we suppose to the contrary, then there are A„ —)■ O’*" and (a;„) C dU 
such that Xn = i/t — A„)F(x„), for each n > 1. Then, either /5({x„}„>i) = 0 or 
we note that {xn}n>i C {^F{{xn}n>i) I 7 ^ [0,1]}, which gives 

ld{{Xn}n>l) < ld{{'lF{{Xn}n>l) | 7 ^ [O, 1]}) = ld{F{{Xn}n>l)) < ld{{Xn}n>l)- 

But the latter case gives a contradiction and, therefore, (xn) is relatively compact. 
Assume that —)■ Xq G dU. By continuity, it is clear that Xq = F(xo), a 

contradiction with the admissibility of / — F, and the proof of ([2]) is finished. 
Thus one can put 

(3) deg(/ — F, U) := lim deg(/ — (1 — A)F, U) 

X—^0+ 

as / — (1 — A)F is a Fset contraction, for any A G (0,1), and (Ej) holds. In view of 
the homotopy invariance property - (03), ([3]) is correct. It can be easily verified 
that the extended degree admits all the properties (D1)-(D4), meaning by an 
admissible homotopy a continuous map / — ii:t/x[0,l]—?-F such that 0 ^ 
(/ — H){dU X [0,1]) and, for any fl G U with I3{fl) > 0, /3(ii(r2 x [0,1])) < /9(0). 

We shall now pass to the version of topological degree for perturbations of 
generators of Cq semigroups of contractions. We say that a mapping —A + F 
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is admissible with respect to an open bounded U <Z E if A : D{A) E is a 
linear operator on a Banach space E such that —A generates a Cq semigroup 
Sa = {SAit) ■ E E}t>o of linear contractions, i.e. there exists cj > 0 such that 

||*S'a(^)|| < for any f > 0, 

E : U E is a k-set contraction with a constant k G [0,a;) and 0 ^ {—A + 
E){dU n D{A)). By an admissible homotopy we shall understand a mapping 
{x, A) I—)■ —74(A)x + E{x, A) where the family of operators {^(A)}ag[o,i] and con¬ 
tinuous E : U X [0,1] ^ E with open bounded U G E satisfy the following 
conditions 


• the family of semigroups {S'^(a)}ag[o,i] is uniformly contractive, i.e. there is 
a; > 0 such that ||*S'Ai(A)(t)|| < for any f > 0 and A G [0,1], 

• the family {74(A)}Ag[o,i] is resolvent continuous, that is if An —t Aq (as 

n —)■ cxo) in [0,1], then v4(An) ^ ^(Aq) {with respect to resolvent or graphs), 
i.e. for any z/ > —u and u E E, R{i/ : —A{Xn))u —)■ —74 (Ao))m as 

n —)■ oo, 

• there exists k G [0,0;) such that, for any Q gU, /3{E{Q x [0,1])) < k/3{Q), 

• for any A G [0,1], 0 ^ (-Al(A) + E{-, X)){dU n D{A{X))). 


Remark 2.3 The resolvent continuity condition for the family { 74 (A) }ag[o,i] of 
Cq semigroups implies that, for any An —)■ Aq and x E E, SA{x„){t)x —>■ SA{\o){t)x 
uniformly with respect to t from bounded intervals (see ng). 


Lemma 2.4 //{ 74 (A)}ag[o,i] and E : U x [0,1] ^ E determine an admissible 
homotopy, then 

(i) for any f > 0 and bounded fl G E, 




U SAiXim 


, Ae[o,i] 


< e-"‘/3(f]); 


(ii) for V > —bj and bounded Q G E, 


A U :-7l(A))Ji 

,Ae[o,i] 


< 


U + V 




where R{v : —74(A)) := (z/J -|- 74(A))“^; 

(Hi) for any v > 0, the map 4/ : [/ x [0,1] —)■ given by 4/(a;, A) := R{u : 
—A{X)){i'u + E{u,X)), is a set contraction with constant < 1 and R{h' : 
—74(A))(z/x 4- E{x, A)) 7 ^ X for any {x. A) G dU x [0,1]. 
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Proof, (i) Take an arbitrary t > 0 and £ > 0. Let {xk}k=i,...,me d E he snch 
that 

me 

Qc \jB{xk,m)+^/‘^)- 

k=l 

By the continuity property - see Remark [2731 the maps [0,1] 3 A i—)■ SA(\)it)xk G 
E, k = are uniformly continuous, therefore there exist and 

5 > 0 such that, for any fc = 1, ..., and j = 1, ... ,n^, 

||*S'A(A)(^)a;fc - SA{\j){t)xk\\ < e/2 for any A G 

and + ^) [0,1]. Take any x E fl and A G [0,1] and observe that, 

there are E {I,..., rris} and jx G {1,..., n^}, such that \\x — Xk^ |1 < /3{fl) + e/2 
and IA — Aj^| < 6. Further, by the contractivity, 

||5A(A)(t)a: - < ||^A(A)(t)a: - SA{x){t)xk,\\ + 

+ \\SA{\){t)Xk, - SA(Xj^){t)XkJ 

< e~‘^^\\x — Xk^W + e/2 < := e~‘^^/3{Q) + e. 

Hence, the family {B{SA(Xj)(t)xk,re)}j=i,...,ne,k=i,...,me covers the set IJ SA{x)(t)Q, 

Ae[o,i] 

which implies /? U ^A(A)(t)^2 < Tg. Since e was arbitrary, the proof is fin- 

Vag[o,i] J 

ished. 

(ii) can be shown in the same manner as (i) with use of the inequality 
||R(z/ : —H(A))|| < l/{uj + u) for any u > —u and A G [0,1]. 

(hi) Note that in view of (ii) 


^)| y f )(SJ X {A}) 

,ag[0,i] 


</3 IJ R(z/:-x4(A))(z// + F)(f2x [0,1]) 
VAe[o,i] 

< + E){n X [0,1])) < + k(5{hl)) 


CJ + z/ 


U + V 



Finally, if R{v : —x4(A))(z// + F)(a;, A) = x for some x G dU and A G [0,1], then 
X G iA(x4(A)) and —x4(A)x + E{x,X) = 0, which contradicts the admissibility 
assumption. □ 


Therefore, if —A + F is admissible with respect to an open bounded U G E, 
then, by Lemma 12.41 we may put properly 

(4) Deg(-Al + F, U) := deg(/ - R{u : -A){vl + E),U) 
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where i/ > 0 is arbitrary. By the continuity of the resolvent and the honiotopy 
invariance of deg it is clear that the definition (jl]) is independent of v. It has also 
all the expected properties, i.e. the existence, additivity, honiotopy invariance 
and normalization. The latter property states that: if vq G A{U fl D{A)), then 
Deg(—y4 + Vo, U) = 1. It is a straightforward conclusion from (II]) and (D4). 

To define the topological degree of —A+F in the situation fc = a; it is sufficient 
to apply in ((1|) the topological degree for condensing vector fields. 


3 Degree formula for k-set contracting 
and condensing fields 


Before we shall deal with the degree formula, we verify basic properties of the 
translation along trajectories operator associated with the parameterized problem 

(Pg,a) h(f) = -u{t) + G{u{t), A), f > 0, A G [0,1] 

where G : U x [0,1] ^ E, with an open bounded subset 17 of a separable Banach 
space E, satisfy the following conditions 

(Gl) G is locally Lipschitz in the first variable uniformly with respect to 
the second one, i.e. for any x & U there exist > 0 and > 0 
such that, for any xi,X 2 G B{x, 6x) fl U and A G [0,1], 

||G(xi, A) - G{x2, A)|| < Lx\\xi - X2\\; 

(G2) G{U X [0,1]) is bounded; 

(G3) G is a fc-set contraction, i.e. there is /c G [0,1) such that, for any 
bounded fl G U, 

/3{G{fl X [0,1])) < k/3{fl). 

Let V be any open subset of U such that V G V + B{0, p) G U with some p > 0. 
For t > 0, define <Ft : 17 —>■ P by 

$t(x) := u{t;0,x,X) 

where u{-, 0, x. A) stands for the (local) solution of {Pg,x) with the initial condition 
m(0) = X. 

Proposition 3.1 Under the above assumptions 

(i) there exists 7 > 0 such that, for any x ^ V and A G [0,1], there exists a unique 
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solution u{-;0,t,x, \) of {Pg,\) on [0,t| starting at x and the map 
V X [0,1] 9 (x, A) !-)■ X, A) G C{[0,t\,E); 

is continuous. 

(ii) for any t G (0,^, is a k-set contraction, i.e. for any Vt <ZV, 

In the proof we shall use the following property of the measure of noncompactness. 


Proposition 3.2 (see [7] or uni) Let E be a separable Banach space, B C 
L^{[a,b], E) be countable and integrably bounded (i.e. there exists c G Lf{[a,h]) 
such that ||rc(t)|| < c{t) for all w ^ B and a.e. t G [a,h]) and 0 : [a, 6] —?• M be 
given by (l){t) ■.= fi{{u{t)\u & B}). Then (f & Lf{[a,h\) and 


/S 


u 


(r) dr I M G S 


— [ 0('^) dT. 
J a 


Proof of Proposition 13.11 (i) By the standard local existence and uniqueness 
theorem for ordinary differential equations in a Banach space, we infer that, for 
any x E V and A G [0,1], there exists a unique solution u of (Pg,a) on some 
maximal interval with ujx > 0. By (G2), the exists > 0 such that 

U U G{U X [0,1]) C S(0, K). Hence 

2Kt for any t G [0,a;a;). 

This means that if t G [0,p/(4it')] and t < oVx, then u{t) E V + D{0,p/2) C U, 
which means that Ux > t := p/{AK). The continuity of (x. A) i—)■ M(-;0,f, x. A) 
is a classical property of parameterized ordinary differential equations in Banach 
spaces. The proof of the part (i) is completed. 

(ii) Take any VL <zV and choose a countable set Gq C G such that 12 C Gq and 
a countable and dense in [0,1] subset Aq. By the variation of constant formula, 
for any t E [0,f], x G H and A G [0,1] 

<ht(x. A) = e“*x + f e“*^^G(<I>T-(x, A), A) dr. 

Jo 

This provides, in view of Proposition 13.21 

/d(‘ht(12o X Aq)) < e */3(12o) + (J J e *^’^G($t-(x, A), A) dr | x G 12o; A G Aq 

< e-‘0(12o) + T/? (e-*+"G(<h.(Go x Ao) x Ao)) dr 
Jo 

< e-'0(Go) + k [ e-*+"/3(<h,(12o x Aq)) dr. 

Jo 



\u{t) — x|| < 


\u 


;r)-G(M(r),A)||dr< 




9 


Hence, by the Gronwall inequality, e*/9(<ht(r2o x Aq)) < e^^/3{Qo), which gives 

(5) /9(<ht(Go X Ao)) < 

Finally, note that /9(r2) = /3{flo), and, by the continuity, ^> 4(^0 x Aq) C <Ft(Go x Aq), 
which together with ([5]) gives 

/3(<l>i(G X [0,1])) = /?(<l>i(Go X Ao)) < /?(<l>i(Go X Ao)) 

= /?(<Fi(Go X Ao)) < 

The proof of (ii) is completed. □ 

We pass now to the first degree formula for the equation 
(Pp) ii = —u + F{u) 

where F : U ^ E is a locally Lipschitz bounded fc-set contraction on an open 
bounded set U (Z E. 

Theorem 3.3 Let F be as above and V Z U be an open set such that V + 
P(0, p) Z U, for some p > 0, and 0 ^ (/ — F){dV). Then there exists t > 0 such 
that, for any t G (0,^, 

(i) the translation along trajectories operator for {Pp), '■ V ^ E is well-defined 

and d>t(x) 7 ^ X for any x G dV; 

(ii) deg(/-F,l/) = deg(/-<Fi,H). 

Proof. We reduce the proof to the case when P is a compact map (see e.g. 0). 

Due to Remark 12.21 there is a locally Lipschitz compact map Fp : V ^ E 
homotopic to F via an admissible homotopy H : V x [0,1] ^ E, H{x,X) := 

(1 — X)F{x) + XFl{x). Then obviously 

(6) deg(J -F,V)= deg(/ - Pp, R). 

Consider the parameterized problem given by 

{Ph,\) u = -u + H{u,X). 

Obviously, H{-,X) is locally Lipschitz and, by Proposition 13.11 (i), there exists 
ii > 0 such that, for any x eV and A G [0,1], {Ph,\) admits a solution on [0,fi]. 
Define Tj : R x [0,1] —)■ P by 

'l/i(x. A) := u{t;0,ti,x,X) 

where «(■; 0, p, x. A) stands for the solution of {Ph,x) with the initial condition 
n(0) = X. By Proposition 13.11 (ii), for any D C R, 


/3(Ti(Dx [0,1])) <e("-')*/3(D). 
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Now we claim that there exists 1,2 G (0,ti] such that, for any t G ( 0 ,^ 2 ], 

(7) A) 7 ^ X for any (x, A) G dV x [0,1]. 

Indeed, suppose to the contrary. Then there exist sequences tn —t O’*", (An) C [0,1] 
and (xn) C dV such that Tt^(xn,An) = Xn for each n > 1. Note that this 
implies Tjt„(An,Xn) = Xn for integer j > 0 such that jtn < ti and, in particular, 
%/ 2 +rn(^n, An) = Xn, where := ([(7i/2)/tn] + l)tn -ti/2 < tn ^ 0 +. Clearly, 
0 < Tn < tn ^ O’*" as n —)■ 00 . Since 

til2+rn 

- T^(Xn, An) + F(T^(Xn, An))|| dx 

il /2 

< 2Krn ^ 0 +, 

one gets 

/3({Xn}n>l) /^({^ii/ 2 +r„ (^ri) An) }n>l) /3({^ 0/2 An) }n>l) 

< e(^"^)*l/2/3({Xn}n>l), 

which means that /9({xn}n>i) = 0. Hence, without loss of generality, one may 
assume that Xn —)■ xq G dV and An —)■ Aq G [0,1]. Denote Un '■= «(■; 0, ti, Xn, An), 
for n > 0, and observe that using the tn-periodicity of Un, for any t G [0,ti], we 
get 

( 8 ) ||Mo(t) - Xoll < ||Mo - Un\\ + \\Unit) - Un{[t/tn]tn)\\ + [[^^n “ Xo\\. 

Furthermore, by Proposition 13.11 (i), Un Uq in C([0,ti,i?]) and, this together 
with ([S]) provides Uo(t) = Xq for each t G [0,ti], i.e. 0 = —xq + i7(xo,Ao), a 
contradiction, since / — if is an admissible homotopy. Thus, the proof of ([7]) is 
completed. As an immediate conclusion of ([7]), one obtains 

(9) deg(/-Tt(-,l),l/) = deg(/-Tt(-,0),H) for any t G (0, tsj- 

By the compact version of the theorem - see O Prop. 4.3], there exists 
t G ( 0 ,^ 2 ] such that, for any t G (0,f], 

(10) deg(/ - Fl, V) = deg(/ - 1), H). 

Finally, combining ([ 6 ]), (lTn|) and ([9]), we end the proof. □ 

Now let us extend Theorem 13.31 to the class of condensing vector helds. 

Theorem 3.4 Let F : U ^ E be a loeally Lipsehitz hounded condensing (with 
respect to the Hausdorff measure of noncompactness) map on an open hounded 
set U and V G U be an open set such that V + B{0, p) G U and 0 ^ (J — F){dV). 
Then there exists t > 0 such that, for any t G (0,i], 

(i) the translation along trajectories operator for {Pf), '■ V ^ E is a well- 

defined condensing map and <h/(x) 7 ^ x for any x G dV; 

(11) deg(/-F,H) = deg(/-<Ft,H). 
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Remark 3.5 Under the assumptions of Theorem 13.41 the thesis of Proposition 
13.II holds and the inequality in thesis (ii) has the form /3(<ht(r2 x [0,1])) < 


Proof of Theorem 13.41 Consider the parameterized family of equations 
{Pf,x) ii =-u + {1 — X)F{u) Ae[ 0 ,l]. 

By Remark 1X51 there is ii > 0 such that the map : U x [0,1] —)■ U, f G [0,fi], 
given by <hi(x, A) := u{t-, 0, U, x, A), where «(•; 0, ti,x, A) is the unique solution of 
{Pf,x) at time 0 from x, is well-defined, continuous and, for any U C U, 

/3(0t(flx [0,l]))</3(fl). 

We shall show that there exists t G [0,fi], such that, for f G [0,^, I — Qt is an 
admissible homotopy in the sense of the topological degree for condensing maps. 
First, we need to prove that for any t G (0,fi] and VL <zV with /5(U) > 0, 

(11) /3(0,(Ux[O,l]))</3(fl). 

Take any hxed t G (0,fi], Vt <Z V with /5(f2) > 0, flo C a countable set such 
that C Uq and Aq C [0,1] a countable dense subset of [0,1]. Then, obviously, 
for any t G [0,f], by Proposition 13.21 

/3(0i(flo X Ao)) < e-*/3(flo) + r [ (J 7^(0r(llo x Ao)) ] dr 

\ 76 [o,i]nQ / 

< e-*/3(Uo) + re-*+"/3(F(0.(Uo x Aq))) dr. 

Jo 

Clearly, either /3(0T-(f2o x Aq)) = 0, for a.e. r G [0,f] and (ITT]) follows clearly or 
there exists J C [0, t] of positive Lebesgue measure such that /9(0^(f2o x Aq)) > 0 
for any r & J. Hence 

/3(0i(flo X Ao)) < e-*/3(flo) + T (0.(flo x Aq)) dr 

Jo 

<e-*/?(flo)+ f e-*+"/?(flo)dr = /3(Uo), 

Jo 

which implies (ITTl) . 

Next, one has to show that there exist Ai G (0,1] and ^2 ^ (0,ti] such that, 
for any t G (0, ^ 2 ], 

Qt{x, X) ^ X for (x, A) G dV x [0, Ai]. 

If we suppose to the contrary that, then there exist (xn) C dV, A„ —)■ O’*" and 
tn —t O’*" such that Qtn{xn, Xn) = Xn for each n > 1. This clearly implies that 
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Qjtr,{xn, ^n) = Xn for any integer j > 0 such that jtn < ti, which gives, for 
large n, Qii/ 2 +rA^n, K) = where := ([(ti/2)/t„] + l)t„ - (ti/2). Clearly 
0 < r„ < —)■ 0^ and 

Il/2+r„ 

II ®Jl/2+r„ ^n) ®ti/2 •^n) || ^ || 0T(^n)-^n) fo (1 ^n)fo(0T(^n)-^n)) || du 

h/2 

< 2Krn 0+ 

where it' > 0 is such that U UF{U) C B{0,K). Therefore either I3{{xn}n>i) = 0 
or 

l^{^\_Xn^rL'>l) /^({®ii/2+rn •^n)}n>l) ('{foji/2^ /3('{37n}'n>l)• 

The latter inequality gives a contradiction and we infer that (a:„) is relatively 
compact. Without loss of generality we may assume that Xn ^ xq E dV. If 
one puts Un ■= u{-; 0,ti,Xn, A„), then, by use of Proposition 13.11 (i), —)■ Uq in 
C([0, fi], E) and, by the same argument as in (0), mq = 3 ^0, that is 0 = —xo+F{xo), 
a contradiction. 

Finally, according to (|3]), there is Aq G (0, Ai] such that deg(J — F,V) = 
deg(/—(1 —Ao)fo, V) and, in view of Theorem l3.31 there exists t G ( 0 ,^ 2 ] such that, 
for any tG (0, i], deg(/-F, fo) = deg(/-(l-Ao)fo, fo) = deg(/-0t(-, Aq), fo). This 
together with the homotopy invariance for the topological degree of condensing 
vector fields yields deg(/ — F,V) = deg(/ — 0t(-, 0), fo) = deg(/ — d>t, V). □ 


4 Differential equations governed by 

perturbations of generators of contractive 
Co semigroups 


We provide some general properties of solution operators generated by pertur¬ 
bations of generators of Co semigroups. They enable us to apply homotopy 
arguments in the next section. 

Suppose that {v4(A) : ^(^(A)) —)■ is a family of densely defined linear 

operators such that 

(Al) for any A G [0,1], —A(A) is an infinitesimal generator of a Co semigroup 
{SA{\)(t)}t>o of bounded linear operators on E and there exists ca > 0 such 
that ||5'A(A)(f)|| < for any f > 0 and A G [0,1]; 

(A2) if Xn —>■ Aq (as n 00 ) in [0,1], then A(A„) ^ A(Ao) {with respect to graphs or 
resolvent), i.e. for any u > —uj and u E E, R{p : —A(A„))m —>■ — A(Ao))m, 




13 


and that F ■. [0,T] x E x [0,1] ^ i?, where T > 0, is a continuous mapping sat¬ 
isfying the following conditions 

(F1)F is locally Lipschitz in the second variable uniformly with respect to the 
others, i.e. for any x ^ E there exist (5a; > 0 and > 0 such that, for 
any xi, 0:2 ^ B{x,5x), t G [0,T] and A 6 [0,1], ||F(f, Xi, A) — F(t, 2 : 2 , A)|| < 
Li\\xi - I2II; 

{F2)F has a (uniform) linear growth, i.e. there exists c > 0 such that x, A)|| < 
c(l -|- ||x||) for any x G i?, f G [0,T] and A G [0,1]; 

(F3) there is /c > 0 such that, for any bounded fl (Z E, f3[F[[0,T] x fl x [0,1])) < 

k(3{n). 

Below we collect some basic facts concerning mild solutions (see [16]) for the 
family of differential equations 

{Pa,f,x) u{t) = -A{X)u{t) + F{t,u{t),X) on [0,T]. 


Proposition 4.1 

(i) (Existence) For any x G E and X G [0,1], the equation {Pa,f,x) with the initial 
condition 'u(O) = x has a unique mild solution «(■; 0, T, x. A). Moreover, if 
T = -|-cx), then the assertion holds, too. 

(ii) (Continuity) If {xn, A„) (xq, Aq) in E x [0,1], then 

«(•; 0, T, Xn, Xn) «(•; 0, T, xq, Aq) in C([0, T],E). 


(hi) (Compactness) If ■ E x [0,1] —)■ E, fort G [0,T], is given by 

$t(x. A) := u{t;0,T,x,X), 
then, for any bounded Q Z E, 

/3(<hi(flx [0,l]))<e("-‘")*/3(fl). 


Remark 4.2 (a) If u : [0,T] — )■ E is a mild solution of {Pa,f,x), for some hxed 
A G [0,1], with the initial condition ■u(O) = x for some x G E, then ||■u(t)|| < 
||*^A(A)(t)a:||+/J ||;S^(A)(t-r)F(r,M(r),A)|| dr < e-^%x\\E c{1+\\u{t)\\) dr, 

for any t G [0,T], and, in view of the Gronwall inequality, |]M(t)|| < (||x|] -1- 
^2^gajr)gcT, ^ g [0,T]. 

(b) It follows from (a) that if 12 C E is bounded, then {^^(x. A) | (x. A) G 
12 X [0,1], t G [0,T]} is bounded. 


14 


Proof. The proof of (i) follows from the arguments of [T6l Ch. 6, Th. 2.2], the 
local existence theorem and Remark 14.21 

To justify (ii) and (iii), observe that, by the definition of mild solution, 

= SA{\){t)x + [ SA{\){t-T)F{T,^r{x,X),X)dT, 

Jo 

for any a; G fl, A G [0,1] and t G [0, Tj. In view of Remarkthe set [0,1]) 

is bounded. Hence, acting with the measure of noncompactness, one obtains 


( 12 ) 


/?(<l.,(!Jx|0 ,l]))</ 3( [J Sx(i)(«)!j| + 

i Ae[o,i] 


+^\{ '^xXtix) dr|x G n, A G [0,1] 


where (T):=Sx(A)(i-r)F(T,4>ai,A),A), _ 

Suppose flo is a countable subset of such that C flo and Aq is a countable 
dense subset of [0,1]. Then, in view of Proposition 13.21 for any t G [0,T], 

(J w^x,A.i(^) I 2 ) G flo, A G Aoj^ < [J ({tax,A,t(^) I X G flo, A G Aq}) dr 


< 


( U X d)^(^o X Ao) X Ao)] | dr. 

aAgAo 


and, in view of Lemma [2.41 and (F3), one has 


/d 


(13) 


j WxXti^) dr I a: G flo, A G Ao 

< re-‘"(*-")/5(F([0,T] X $,(^0 x Ao) x Aq)) dr 
Jo 

< f X Ao))dr. 


Hence, by flT2l) and (IT^ . one has 


e-*/3(<hi(flo X Ao)) < /3(flo) + / ke^^/3{^r{^o x Ao)) dr. 


which, by the Gronwall inequality, yields 

(14) /3(<hi(Go X Ao)) < e^^-^'>^mo)- 
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Before we conclude (iii) for f2, we shall prove (ii). To this end take any sequence 
{xn,Xn) <Z E X [0,1] with {xn, \n) ^ (a^Oj-^o). In view of (UTl) . for any t G [0,T], 

/3{{u{t-,0,T,Xn,Xn)}n>l) < /3{{Xn}n>l) = 0, 

which together with (F2) and jS], Prop. 2.7], implies the relative compactness of 
{«(■; 0, T, Xn, A„)}„>i in C'([0, T],E). Hence, any subsequence of («(■; 0, T, Xn, An)), 
contains a convergent subsequence. Without loss of generality we may assume 
that the sequence of solutions Un ■= u{-;0,T,Xn, Xn) converges in C{[0,T], E) to 
some Mo- Since, for any n > l,Un,{t) = SA{x^){t)xn+jQSA{x„){t-T)E{T,Un{T),Xn)dT, 
passing to the limit and using Remark 12.31 one obtains Uo{t) = SA{Xo)it)xo + 

Jq SA{Xo){t — t)E{t,uo{t), Xo) dr, i.e. uq = m(-; 0, T, xq , Aq). Thus, since we have 
shown that any subsequence of («(■; 0, T, Xn, An)) contains a subsequence converg¬ 
ing to m(-; 0, T, xo, Ao), the assertion of (ii) is proved. 

Return now to (iii) for Clearly, f3{fl) = /3(flo) and, by the continuity from 
(ii), for any t G [0,T], <hi(f2o X Aq) C <ht(flo X Aq), therefore /9(d>t(f2 x [0,1])) < 
/3(<hi(flo X Ao)) = /3(<I>i(f2o X Ao)) < e('=-)*/3(flo) = e("-)*/3(f2). □ 

Remark 4.3 In the above theorem, it is possible to relax or get rid of the sepa¬ 
rability assumption on E at cost of stronger assumptions on k or geometry of E 
- see e.g. |3]. 


5 Krasnosel’skii type degree formula 


Now we are concerned with the differential equation 
{Pa,f) u{t) = —Au{t) + E{u{t)), t > 0 

where A : D{A) E is a densely dehned linear operator on a separable Banach 
space such that —A is an inhnitesimal generator of a Cq semigroup {*S'^(t)}i>o of 
bounded linear operators and E : E ^ E is a locally Lipschitz map and suppose 
the following properties hold 

(HI) there exists tj > 0 such that ||5a(t)||e(£;,£;) <e'^ for any t > 0; 

(H2)F has sublinear growth, i.e. there exists c > 0 such that ||F(x)|| < c(l -|- |]x|]) 
for any x G i7; 

(H3) there is A; G [0,0;) such that, for any bounded kl C E, /5(F(f2)) < kjdiVt). 


By '■ E ^ E, for f > 0, denote the translation along trajectories operator 
given by 

<h 4 (x) := u{t;0,x) 
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where «(•; 0, x) is a mild solution of {Pa,f) with the initial value condition m(0 ) = 
X. It is well-defined due to Proposition 14.11 

Let us now state one of the main results of the paper, i.e. the Krasnosel’skii 
type formula for 

Theorem 5.1 Let A and F be as above. Then, if V G E is open bounded and 
0 ^ {—A + F){dV n D{A)), then there ist>0 such that for any t E (0,f| and 
X G dV, <ht(x) 7 ^ X, and 

deg{I - ^t,V) = I}eg{-A + F,V). 


Lemma 5.2 Assume that {yl(A)}Ag[o,i] (ind F : E x [0,1] ^ E satisfy as¬ 
sumptions {A1)-{A2) and (F1)-(F3) from Section and k G [0,a;). Let : 
E X [0,1] ^ E, t > 0, be given by <ht(x, A) := u{t; 0, x. A) where u{-; 0, x. A) is a 
unique mild solution of 

( ii = —A{\)u -|- F{u, A) on [0, -|-oo) 

\ ■u(O) = X. 

If V G E is an open bounded set such that 0 ^ (—^ + F){dV fl -0(^4) x [0,1]), 
then there exists f > 0 such that, for any t E {0,t], 

A) 7 ^ X for any (x, A) G dV x [0,1]. 


Proof. Suppose to the contrary that there exist tn O’*", (xn) C dV and 
(An) C [0,1] such that An) = Xn for any n > 1. Then, for any iV > 1, 

(15) {^^nj'n^l C {4’Af+Srj(Af) (^n; An) }n>l (*h5,j(7V) (^^n; An) > An) }n>l 

where Sn{N) := {[N/tn] + l)tn ~ N- Clearly 0 < Sn(iV) < tn- In view of Remark 
14.21 there exists R > 0 such that, for any iV > 1, {$s„(Ar)(xn, An)}n>i C B{0, R). 
Hence, by use of (fT5|) and Proposition 14.11 fiii). one has 

ld{{Xn}n>l) < /^(4’Ar({‘hs„(Ar)(Xn, An)}n>l X [0,1])) 

< eO=-fo'^/3({$,4^)(Xn, An)}n>l) < . 

Passing to the limit with N ^ oo, one gets /9({xn}n>i) = 0. Hence, without loss 
of generality, one may assume that Xn ^ Xq G dV and An —)■ Aq in [0,1]. Let 
Un ■ [0,1] — >■ i? be given by Unit) := uit] 0, Xn, An), for any t E [0,1] and n > 0. 
Then, by Proposition 14.11 fiiL Un —)■ uo in ^([0,1], i?), and, consequently, using 
the fn-periodicity of Un and the equicontinuity of {Mn}n>i, one obtains, for any 
f G [0,1], 

||mo(^) - a;o|| < ||mo - Un\\ + \\unit) - Un{\t/tn]tn)\\ + H^^n “ a:o|| -)■ 0 as U -)■ CX), 
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i.e. Mo = Xo on [0,1]. By the definition of mild solution, one has, for any n > 1 
and t e [0,1], Unit) = SA(\n)it)xn + fo SA(A„)(t - T)F(un(T), An) dr. Passing to 
the limit, for any t G [0,1], 


Xq — SA{Xo)it)xo + 


SA{Xo)it 


r)F(xo, Ao) dr. 


which yields 


-{xo - SAiXo)it)xo) 


lini - / SAiXo)it-T)Fixo,Xo)dT = Fixo,Xo), 
t^o+ t Jq 


i.e. Xq G Il(y4(Ao)) and 0 = —74(Ao)a:o + FixQ^ Aq), a contradiction. □ 


Proof of Theorem 15.11 

Step 1. Assume first that F : E ^ E is completely continuous and define the 
family {A(A)}ag[o,i] and the map F : E x [0,1] —>■ by 


A(A) := (1-A)/ + AA for A G [0,1], 


Fix, X) := [XI + (1 - X)A-^]Fix) ioixeE, Xe [0,1]. 

By a direct verification (with use of the resolvent identity and limit property) 
it can be seen that A(An) ^ A(Ao) whenever Xn —)• Aq (as n —)• oo) and that 
ll‘ 5 'l(A)(^)lk(E,E) = \\e~d~A^SxAit)\\c(E,E) = SAiXt)\\c(E,E) < < 

where a; := min{l,a;}, i.e. {A(A)}Ae[o,i] satisfies conditions (Al)-(A2). It is 
obvious that F satisfies (F1)-(F2) and, for any bounded 12 C i7, T(12 x [0,1]) C 
conv [T(12) U A“^F(12)] is relatively compact. Moreover, 


(16) — A(A)x + Fix, A) 7 ^ 0 for any (x. A) G dV fl Z2(A(A)) x [0,1]. 


Indeed for A = 0 it is obvious and if there exists (a:o, Aq) G dV fl iA(A) x (0,1] 
such that —A(Ao)a;o + Fixo, Aq) = 0, then 

[(1 — Ao)/ + AoA]xo = [XqI + (1 — Ao)A ^(/^(xq) 

^0 = ((Aq ^(1 — Ao))/ + A) ^[/ + Ag ^(1 — Ao)/?(0 : —A)]F(a;o) 

Xo = /?(/io; -A)(/ + /io/?( 0 ; -A))F(xo) 


where hq := Ag ^(1 — Ao). By the resolvent identity, xo = /?(0; —A)F(xo), i.e. 
—Axo + Fixo) = 0, a contradiction with the assumption, which completes the 
proof of (IT^ . 

In view of Proposition 14.11 for any t G (0,1], the map : /7 x [0,1] ^ E, 
given by 


^'^(x. A) := M(t;0,l,x, A) 
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where «(■; 0,1, x, A) is a unique mild solution of 

r u{t) = —A{X)u{t) + F{u{t), A) on [0,1] 

I m(0) = X, 

is continuous and, for any bounded Q <Z E, 

(17) /?(vl/,(flx [0,1])) <e-'=*/3(fl). 

By fjlOp and Lemma 15.21 there exists > 0 such that, for any t G (0,fi], 
'l/t(x. A) 7 ^ X, for any (x. A) G dV x [0,1]. Hence I — is an admissible homotopy 
in the degree theory and, by use of the homotopy invariance, for t G (0,fi], 

(18) deg(/ - H) = deg(/ - 1), H) = deg(/ - 0),V). 

In view of Theorem 13.31 there exists ^2 £ (0, ti], such that, for any t G (0,f2], 

deg(/ - 0), H) = deg(/ - i?(0; -A)F, V), 

which together with ffTSj) and the definition of the degree completes the proof for 
completely continuous F. 

Step 2. Now suppose that F satisfies (H3) with k G [0,a;). Obviously, A ^F : 
E ^ E is a k-set contraction with the constant k/u < 1. Let O C be a 
fundamental set for A~^F\y (see Remark 12.ip and Fq ■. E ^ E he a continuous 
extension of F\(j^ such that Fq{E) C conv F{C OR) - existing by the Dugundji 
extension theorem (see e.g. 0). Furthermore let F^ : E ^ E he a locally 
Lipschitz map such that, for any x G i?, 

(19) \\Fl{x) - id)(a;)|| < ptu/2, 

with p := inf{||x — H“^F(x)|| |x G dV] > 0, and Fl{E) C convFo(i7) - ex¬ 
isting by the Lasota-Yorke approximation theorem. Note that since Fl{E) C 
convFo(F') C convF(0 O V), El is compact. Observe also that A~^{Fl{E)) C 
A-\cmTF{C(W)) C Al-i(convF(C(nF)) = coiwA-^F{CnV) C convO = C. 

Now define F : E x [0,1] ^ E hj F{x, A) := (1 — A)F(x) -|- XFl{x). It is clear 
that, for any bounded Vt <Z E, /3{F{Q x [0,1])) < k/3{Q). Moreover, note that 

(20) — Ax -1- F{x, A) 7 ^ 0 for any x G dV 0 D{A) and A G [0,1]. 

Indeed, if —Ax + F{x,X) = 0 for some (x. A) G dV O D{A) x [0,1], then 
X = A~^F{x,X) G H“^(conv [F(x) U Fl{V)]) C conv [H“^F(x) U A~^Fl{V)] C 
conv [A~^F{x)VJC], and, since C is fundamental for A~^F\y, we infer that x E C; 
hence, by use of ([19]), 

||x - A-^F{x)\\ = X\\A-^Fl{x) - A-^F{x)\\ < {1 /u)\\Fl{x) - Fo(a:)|| 

< {l/u:)pu:/2 < p/2, 
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which contradicts the dehnition of p and proves (|20|) . 

Using the honiotopy invariance of the degree for —A + F we obtain 

(21) Deg(-A + Fi,U) = Deg(-A + F,U). 

For t G (0,1], define Tt : U x [0,1] —)■ F by Tt{x, A) := u{t] 0,1, x, A) where 
u{t] 0,1, X, A) is a solution of fi = —Au + F{u, A) on [0,1] with the initial condition 
w(0) = X. In view of Proposition 14.11 is well-dehned and 

/3 {Tt{Q X [0,1])) < I3(SI) for any C F. 

In view of (120|) and Lemma 15.21 there exists t G (0,1] such that, for any t G (0, t], 

(22) Tt{x, X) ^ X for any {x, A) G dV x [0,1]. 

Using the homotopy invariance of the degree, one has 

(23) deg(/ - -hi, U) = deg(/ - T*(-, 0), U) = deg(/ - T,(-, 1), U). 

On the other hand, by Step 1, there exists t G (0,f], such that, for each t G (0,^, 
deg(/ - Tt(-, 1), U) = Deg(-Al + F^, V), 
which together with fl23l) and (1?I1) ends the proof. □ 


Remark 5.3 Theorem 15.11 is a version of Th. 5.1 from |5], where —A was as¬ 
sumed to generate a compact Cq semigroup and F to be locally Lipschitz with 
sublinear growth (and without any compactness properties). 


In the rest of the section we extend Theorem 15.11 to the case k = uj, i.e. we 
assume that (HI) and (H2) hold and, instead of (H3), we suppose that 

(H3a) for any bounded 11 C F with /9(11) > 0, 

/3{F{n X [0,1])) < u:/3{n). 


Theorem 5.4 If A : D{A) —)• F and F : E ^ E satisfies (HI), {H2), {H3a) 
and, for some open bounded V G E, 0 ^ {—A + F){dV nF(H)), then there exists 
1 > 0 such that, for any 1 G (0,l| and x eV , ^fix) 7 ^ x, and 


Deg(-H + F,U) = deg(/-<Fi,U). 
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Lemma 5.5 Let Tn E ^ E, n > 1 be a sequence of bounded linear operators 
such that, for any x & E, {Tnx) is a Cauchy sequence. Then, for any bounded 
set {Xn}n>l C E, 


(d{{TnXn}n>l) < 


limsup \\Tn 


/3 • 


Proof. Observe first that, by the Banach-Steinhaus uniform boundedness theo¬ 
rem, the sequence (||T„||) is bounded. Next take any £ > 0 and choose j/i, y 2 , ■ ■ ■ ,yk ^ 
E making a (d{{xn}n>i) + e net for {xn}n>i- There exists an integer > 1 such 
that, for any l,n > N and i = 1,..., k, ||T„?/i — Tiyi\\ < e and ||T„|| < g + e with 
g := limsup^^oo l|Tm||- Hence, for any n> N, 

C: ^ l|Tn|||l^n 2/*|| T £ 

< {9 E S) {ld{{Xm]m>l) + S) + £ 

where i G {1,..., fc} is chosen so that ||x„ — yi\\ < (d{{xm}m>i) + This means 
that ld{{TnXn}n>i) = 1^ {{TnXn]n>N) < [g + s) {ld{{xm}m>i) +£)+£• Since e > 0 
was arbitrary, we are done. □ 

Proof of Theorem 15.41 We reduce the proof to the fc-set contraction case (i.e. 
the situation of Theorem 15.ip . To this end consider the parameterized family of 
differential problems 

(24) ii = —Au + (1 — X)E{u), A G [0,1]. 

Dehne Qt ■ V x [0,1] —)■ E, for t G (0,1], by 0t(x, A) := M(t; 0,1, x. A) where 
«(•; 0,1, X, A) is a unique mild solution of fl2Tl) starting from x at time 0. In view 
of Proposition 14.11 Qt is well-dehned, continuous and 

(25) /5(0t(fl X [0,1])) < /9(f2) for any Vt (ZV. 

We shall now prove that, for any t G (0,1], Qt is a condensing map, i.e. 

(26) /3 {Qt{kt X [0,1])) < /3(H) for any H C P with /3(H) > 0. 

Take any H with /3(H) > 0. Let Hq C H be a countable set such that H C Hq and 
Aq C [0,1] be countable and dense in [0,1] (we use here the density argument as 
in the proof of Proposition 14.ip . Then, clearly, for any t G (0,1], by Proposition 

ESI 

/3(0t(Ho X Aq)) 

< e--'/3(Ho) + /3 (^1 ^ (1 - X)SA{t - r)F(0.(x, A)) dr 
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<e-‘"‘/3(fio)+/9 


<e-‘"*/3(12o)+/9 


'jSAit — T)F{Qr{x, A)) dr X e Hq, 7 , A G Aq 

[ SA{t — t)F{Qt-{x, A)) dr X G Qo, A G Aq 
Jo 

<e-^^(3{no)+ [ /3(SA(t-r)F(0.(fioxAo))) dr 
Jo 

< e--*/3(12o) + f e-‘^(*-")/3(F(0.(12oX Ao)))dr. 


Further, either /d({0T(3^n, An)}„>;^) = 0, for a.e. r G [0,t], and (l26l) holds imme¬ 
diately or /JiiQrixn, Xn)}n>i) > 0 ou a subset J C [Ojt] of positive measure. In 
the latter case, by use of fl25|) . for any t ^ J, 


(3{F{Qr{^o X Aq))) < ci;/3(0T-(r2o x Aq)) < lj/3{Qo) 


and, consequently, 

X [0,1])) = /?(0i(f2o X Ao)) < e-‘^*/3(fio) + f e--(*-")/3(F(0.(ffo x Ao))) dr 

Jo 

< e-‘^*/3(f2o) + f e-‘^^^-^^oj(3{no)dT 

Jo 

= + (1 - e-‘^^)/3{Qo) = ^o) = m), 

i.e. fl2^ holds. 

Next we shall show that there exist Aq G (0,1] and t G (0,1] such that, for 
any f G (0, i], 

(27) 0t(x, A) 7 ^ X for (x. A) G dV x [0, Aq]. 

If it were not so, then there would exist (x„) C dV, A„ —)■ O’*" and —t 0^ such 
that Qtnixn, A„) = Xn for each n > 1. This would give Qjt„{xn, Xn) = Xn for any 
integer j > 0 such that < 1, and 


(28) Q\l2+rn{Xm An) Xn 

where Vn := ([(l/2)/tn] + l)tn ~ 1/2 < for n > 1. By the Duhamel formula 

(29) 0i/2+r„(^n) An) *5*71 (Tn)01/2(^^n; An) “I” In 


where 


n 


In ■ I SAij"n "S)A'(01/2+s(^n) An)) ds. 

Jo 

Since Vn —t O’*", we get In —)■ 0 as n —)■ -|-oo. Hence either {xn}n>i 
compact or, by (125]) . (129]) . Lemma 1531 and (12^ . 


is relatively 


(J{,{xn}n>l) (J{_{Ul/2+rni.Xm Xn')}n>l^ ^ /3("{*5*71 (Tn)O 1 / 2 (Xn, An)}n>l) 

— ("{©1/2 (^^n; An) }n>l) ^ (I (^{Xn}n>l) j 
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a contradiction proving that {xn}n>i is relatively compact. Without loss of gen¬ 
erality we may assume that ^ xq G dV. If we put Un '■= «(•; 0,1, A„,), 

then, by Proposition 14.11 Un —t Mq in <^([0,1], and, using the t„-periodicity of 
Un, we infer that uq = xq, for some xq G dV fl D{A), and —Axq + F{xq) = 0, a 
contradiction completing the proof of (j271) . 

Finally, decreasing Aq > 0 if necessary, we get 

(30) Deg(-A + F,V) = Deg(-A -h (1 - Ao)F, f") 

and, in view of Theorem 15.11 and (l27)) . there exists t G (0,1] such that, for any 
t G (0, Deg(-A + (1 - Ao)F, 1") = deg(/ - 0t(-, Aq), 1") = deg(J - 0t(-, 0), 1"), 
which, together with 0301) . ends the proof. □ 


6 Periodic problem 


In this section we shall apply the degree formula from Theorem 15.11 to the 
periodic problem of the form 

, „ s f u = —Au + F{t, u) on [0, T] 

\ k(0) = u{T) 

where A : D{A) —)■ E and F : [0,T] x E ^ E satisfy conditions (H1)-(H2) and 
the following version of {H3) 

(H3b) there exist k G [0,0;) such that, for any bounded Q <Z E, 

/3(F([0,T] X fl)) < k/3{Q). 


Our approach is based on the idea of branching periodic solutions from the equi¬ 
librium point of the the right-hand side (see [8] and 0) in the parameterized 
differential equation. To this end consider the following parameterized family of 
equations 

{Pt,x) u =—XAu + XF{t,u) on[0,T], A > 0. 

By m(-;x. A) denote the unique mild solution of {Pt,x) with the initial condition 
m(0) = X. Recall that a point (x, X) & E x [0, cxo) is called a T-periodic point for 
{Pt,x) if w(0; X, A) = u{T;x, A). Let U G E he open and bounded. One says that 
Xq G t/ is a branching point (or cobifurcation point) if there exists a sequence of 
T-periodic points (x„, A„) G 17 x (0,-|-cxo) converging to (xo,0). 
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Theorem 6.1 Let A, F and U be as above. If xq & U is a branching point, then 
Xq G D{A) and 

-Axq + F{xo) = 0 

^ I r 

where F : E ^ E is given by F{x) := — / F{t,x) dt. 

T Jo 

Remark 6.2 Clearly F is continuous and, combining Proposition 13.21 and as¬ 
sumptions (H2), (H3b), one has /3{F{Q,)) < kj3{Q) for any kl cU. 


Since the Proof of Theorem 16 .1 1 goes along the lines of O Th. 5.1], we skip it. 

The Krasnosel’skii type degree formula allows us to derive a continuation 
principle. 


Theorem 6.3 (Continuation Principle) 

Assume that {HI), {H2) and {H3b) hold and, for any x G E, F{0,x) = F{T,x). 
If {Pt,\) has no periodic points in dU x (0,1) and Deg(—2l + F,U) ^ 0, then 
{Ft) admits a solution with n(0) = u{T) G U. 


The proof of the theorem is based on the following averaging formula. 

Proposition 6.4 Under the assumptions of Theorem \6.3l ifO^ {—A + F){dU fl 
D{A)), then there exists Aq > 0 such that, for any A G (0, Aq], 

deg{I-d>^,U) = Deg{-A + F,U), 

where : U ^ E is given by := u{T-,x,\). 

Proof. Let F : [0, -|-cxd) x E ^ E he a. continuous extension of F given by 
F{t,x) := F{t — \t/T]T,x). And, for any A > 0, define : U x [0,1] ^ E 
by d/^{x,fi) := u{t;x, p,, X), for {x,p) E U x [0,1], where u{--,x,p,X) is a mild 

solution of _ 

J ii =—XAu + XF{t,u, p) on [0,-|-oo) 

\ m(0) = X 

with F : [0, -|-oo) x x [0,1] —?• given by F{t, x, p) := (1 — p)F{x) + pF{t, x). 

Further note that, for any bounded Q <Z E, 

/3(F([0, +CX)) X fl X [0,1])) < /3(cbnv (AF(fl) U AF([0, T] x fl))) = 
Amax|/3(F(fl)), /3{F{[0,T] x fl)| < Xk/3{n), 
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by (H2), for any {t, x, fi) G [0, +oo) x E x [0,1], 

\\F{t,x,ix)\\ < {{1- fx)/T j cdt+ /ic)(l + ||a:||) = c(l + ||a:||). 

and ||S'aa(^)|| < for any t > 0 and A > 0. Hence, by Proposition 14.11 . 4'^ is 
continuous and 


(3 X [0,1])) < for any QcU. 

We claim that there exist Ai > 0 such that, for any A G (0, Ai], 

(31) \l/^(a;,p) 7 ^ x, for any (x,/i) G dU x [0,1]. 

If we suppose to the contrary, then there exist (A„) C (0, +oo), (/i„) C [0,1] and 
(x„) C dU such that A„ —)■ 0^ and 

(32) 'h^"(xn,p„) = Xn for each n > 1. 

Since, F(-,x, p) are T-periodic, we get, for any f > 0, 

^t^{Xn,IJ-n) = d'^+r(^ri,Pn) = 

t+T 

= SA{XnT)^t"ixn,fJ^n) + j 5'a(A„(T + f - r))F(r, 4')^"(x„,pn),p„) dr 

t 

and, consequently, for any integer A; > 1, 

SA{{k - l)\nT)^^^"{Xn,^in) = SA{k\nT)'^^" {Xn, ^^n) + 

t+T 

+A„^a((A: - 1)A„T) j 5A(A„(T + ^-r))F(r,^^(x„,pO,hn)dr. 


t 

If we put kn := [1/An] + 1 and sum up the equalities fl33l) with /c = 1,..., /cn, then 
we obtain 

4'/"(Xn,Pn) = 5'A(A:nAnT)4'/"(Xn,Pn) + 

/ fcn \ _ 

(34) +An |^^S'A(An(fc - 1)T) j y S'A(An(T + t-r))F(r, 4^^"(Xn,Pn),hn)dr 


= SA{{\nkn - l)T)^^(T)^/"(Xn,Pn) + 



t+T 


Wr 


(r) dr 


kji 

where Rn '■= XnT''^^SA{^n{.k — 1)T)) : E ^ E and Wn : [t,t + T] E, n > 1, 

k=l 


are given by 


Wnir) := S'A(An(T + t- r))F(r, 4':]!"(Xn, Pn), Pn)- 
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T 

It is clear that, Xnkn —t 1 and, for any x ^ E, R^x —)■ / S'^(r)a:dr and 

0 


kn 

limsnp ||i?n|| < limsnp ^ 

n—>-+oo n—^+oo 





Hence, by nse of (IM|) . Proposition 13.21 and Lemma [5.51 we have 




1 - ^ 
^ uT ^ 


<e ‘^^/^({^t"(Xn,Mn)}n>l) + 


rt+T 


WnM dr 


n>l, 


1 — e 


-cjT rt+T 




uT 
1 — e 


-wT rt+T 


uT 


l3{{Wn{T)]n>l) dr 

k|3{{^^'^{Xn,^^n)}n>l)<^T, 


which implies 


ft+T 


(35) 




uT 


/3{{^^"{Xn,fin)}n>l) dr. 


Now define ip : [0,+cxo) —)■ M by ip^r) := p.„)}„>i). By Remark 14.21 

it is clear that ip is bonnded and, conseqnently, M := snp.,-g[o,r] < +oo. If 
M > 0, then there exists 0 < £ < M{l — k/u) and te > 0 snch that (p{te) > M — e. 
Then, fl35|) . gives 


rte+T 

M — e < (p{te) < —= / </?(r) dr < (k/u)M < M — e, 

Jte 

a contradiction meaning that M = 0. Hence /?({x„}„>i) = 0. Hence withont loss 
of generality we may assnme that Xn —t Xq and pn —t /xq for some Xq G dU and 
Po G [0,1]. If we pnt Un ■= u{-,Xn,Pn, An), then, obvionsly, for any t G [0,T], 


Un(t) SA(y\nt^Xn T An 


SA{Xn{t 


r))F(r, Mn(T),/in) dr 


and, fnrther. 


\\Un{t) - Xoll < ||S'A(Ant)a;n - Xoll + AnCT(l + K) 

where K is the bonnd for solntions starting from U. Passing to the limit, one 
sees that (wn) converges nniformly on [0,T] to uq = Xq. Therefore, nsing again 
fl32|) . we obtain 

_ ^A(AnpXn -^ = f SA{Xn{T - t))F{t, Un^T), fin) dr. 
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and, in consequence, 

SA{T)xndT^ = ^ S'a(A„(T - r))F(r,M„(r),/i„) dr. 

Since 5'A(r)a;„ dr -)■ Xq, 

1 f'^ — I T — 

j; j S'A(An(T - r))F(r,M„(r),/in) dr-)■ — y F(r, xq, /xo) dr = F(a;o), 

and A is closed, we get —Axq + F{xq) = 0, which is a contradiction ending the 
proof of (E]). 

Thus, using the honiotopy invariance of the topological degree, we get, for 
any A G (0, Ai], 

deg(/ - U) = deg(J - diU; l),U) = deg(J - 0), U) 

^ ^ =deg{I-^,U) 

where is the translation along trajectory operator for the equation ii = —XAu+ 
XF{u). In view of Theorem 15.11 there exists Aq G (0, Ai] such that, for any 
A G (0, Ao], deg(/ — = Deg(—A + F,U), which, by rescaling the time, 

gives 

(37) deg(/ - 8^, U) = deg(/ - $1^, U) = Deg(-Al + F,U). 

Combining fl36l) and fl37l) together, we complete the proof. □ 

Proof of Theorem 16.31 In view of Proposition 16.41 there exists Aq > 0 such 
that, for A G (0, Aq], 

deg(/ - <h^, U) = Deg(-Al + F, U). 

Either has a fixed point in dU or, by the assumption and the honiotopy 
invariance of the degree, 

deg(/ - <h^, U) = deg(/ - 17) = Deg(-7l + F,U)^ 0. 

and there exists x E U such that (x, 1) is a periodic point. In both cases one gets 
the exists of a T-periodic solution starting (and ending) at a point of U. □ 


Remark 6.5 (a) If U := B{xQ,r) for some Xq G D{A) and r > 0 such that 
—Axo + F{xo) = 0, and Deg(— A + F, B{xo,r)) ^ 0 and (Pt,a) has no periodic 
points in dB{xo,r) x (0,1), then the thesis of Theorem 16.31 follows also from 
Theorem 6.2.1 in nm. It is worth mentioning that in HOI the authors work 
with set-valued F and a periodic solution comes up as a fixed point of a certain 









27 


operator in the space of periodic functions from C{[0,T], E). 

(b) For the set-valued upper semicontinuous F with compact convex values, 
the translation along trajectories approach also applies. Obviously, in general, 
the inclusion ii G —Au -f F{u) has not a unique solution, i.e. the translation 
along trajectories operator '■ E —o E has the form 


^l^\x)=et{L{x,-A + F)) 


where L{x, —A+F) is the set of solution starting from x and et : C{[0,T], E) ^ E 
is the evaluation at t. However, due to results of [3], the solution set L{x, — A+F), 
for any x & E, is cell-like (or of Rs type). This enables to apply the hxed point 
index theory for a general class of maps given by a superposition eo L : E ^ E 
where L : E ^ Ei is a set-valued upper semicontinuous map with Rs values and 
e : El ^ E is a continuous map - see |13) and j2]. Using this degree and the 
related approximation method, we reduce the problem to the single-valued one. 
Roughly speaking, taking sufficiently close graph approximation / of F, we know 
that the topological degree of —A -t- / is equal to that of —A + F and the degree 
of / — is equal to the degree of / — ^ 

Applying Theorem 16.31 we obtain the following simple existence criterion. 

Theorem 6.6 Suppose {HI) and {H3b) hold, F{0,x) = F{T,x) for any x & E, 
and there exists K > such that 


||-U(t,a;)|| < K for any {t,x) G [0,T] x E, 


then the periodic problem {Pt) admits a mild solution u with ||'u(0)|| = ||m(T)|| < 
Kjoj. 

Proof. We claim that {Pt,\) has no periodic points in dB{0,R) x (0,1) if i? > 
K/u. Indeed, suppose to the contrary, that there exists a periodic point (x, X) G 
dB{0,R) X (0,1). Then 



where u is the corresponding periodic mild solution of {Prpj). By the assumption, 
we get 



which gives R < i?e ^‘^'^{l+XK/R{Xu) ^{e^‘^'^—l))=Re ^‘^'^{l+K/{Ru){e^‘^'^— 
1)) < R, a contradiction. 
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To compute the degree Deg(—A + F, B{0, R)) consider the homotopy A + ^F. 
It is admissible, since /rF(f2)) < k(3{Q) for any bounded Q G E. If 

there exists (x, p) G dB{0, R) fl D{A) x [0,1] such that —Ax + fj,F{x) = 0, then 
X = ^A~^F{x) and, in consequence, R = ||x|| < < jiK/u < R, a. 

contradiction. Hence, by the homotopy invariance of the topological degree 

Deg(-H + F, 5(0, R)) = Deg(-H, 5(0, R)) = deg(J, 5(0, R)) = 1 

Applying Theorem 16.31 we get the desired periodic solution in 5(0,5). 

Since the translation along trajectory operator <I)t is a fc-set contraction and 
5 was arbitrary, we can conclude that {Pt) has a solution in 5(0, K/uj). □ 

We end the paper with an example of applications to a system of partial 
differential equations. 


Example 6.7 Consider the following system of equations (cf. j9] and jTO]) com¬ 
ing from the theory of transmission lines 


dl dV 

— (f, x) + x) -\- x) = /(f, x,I{t, x), V{t, x)) x G [0, /], f > 0 

w %: 

-^(f,x) + 7 ^(Ca:) + 6V{t,x) = g{t,x,I{t,x),V{t,x)) x G [0,/],f > 0 
V{t, 0) + pi(t,0) = 0 t > 0 

+ h{V{t,l) + e{t)) +j{t) = 0 f > 0 


where a, (1, 7 , S, p,a > 0, continuous j, e : M ^ R are T-periodic, /, 5 ^ : R x [0, /] x 
R^ —)■ R are continuous, bounded, T-periodic with respect to the hrst variable and 
there are Lf,Lg>0 such that, for any {t, x) G Rx [0, /] and (ui, ^2), (tci, W2) G R^, 


\f{t,x,Vi,Wi) - f{t,x,V2,W2)\ < Lf\{vi,Wi) - {V2,W2)\ and 
\g{t,x,vi,wi) - g{t,x,V2,W2)\ < Lg\{vi,Wi) - (^2,^2)I 

(I • I stands for the Euclidean norm in R^), h : R —)■ R is Lipschitz with a constant 
Th > 0 and with the property that there exist a > crmin{/5, 5}, fe > 0 such that 


(39) 


|h(s) — as\ < b for any s G R 


and 

(40) max {tJ + aT^/y, jLj/a + TJ, 2(a^ + Ll)/a} < (5})l 

Let E := T^(0, 1) x T^(0, /) x R be a linear space equipped with the scalar product 
given by 


{{pi,qi,ri),{P2,q2,r2))E ■= l{pi,P2) + a{qi,q2) + ai(rrir2 
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where (•, •) stands for the scalar product in -h^(0, /) Define A : D{A) E hy 

/ f3 adx 0 \ f P \ 

A{p,q,r):=l 5 0 g , (p, g, r) G D(v4) 

y —a~^ei 0 a~^a / \ r / 

where D{A) := {{p,q,r) G -E|p, g G H^{0,1), g(0) + pp(0) = 0, q{l) = r}, ei is 
the evaluation at I operator on H^{0,1). Observe that, for any {p,q,r) G -0(^4), 
integrating by parts 

{A{p,q,r), {p,q,r))E = ji/^p + ag',p) + a{yp' + 5q,q) + a'ya{-a~^){p{l) - ar)r 
= P'yWpWh + «7(?Plo - (P', q)) + a 6 \\q\\l 2 + ay{p', q) - ayp{l)r + ayar^ 

=/^ 7 l|p|li 2 + a 5 ||g|li 2 + ayar^ -a 7 g( 0 )p( 0 ) > niin{/3, 5, a/cT}|| (p, g, r)||| + a 7 pp( 0)2 
> niin{/3,5,a/cT}||(p,g,r)|||. 

Moreover, by direct computation we can see that the range oi A + XI, for A > 0, 
is equal to E. Hence, due to the Lumer-Philips theorem, —A generates a Cq 
semigroup Sa on E and ||S'^(t)|| < exp(—min{/3, h, a/crjt) for any f > 0, i.e. 

{HI) is satisfied. 

If we define E : [0, +C)o) x E ^ E hy 

( Nf{t,p,q) \ 

E{t,p,q,r) ■.= \ Ng{t,p,q) 

\ a-^{ar - h{r + e{t)) - i{t)), ) 

where Nf,Ng are given by Nf{t,p,q){x) := f {t, x, p{x), q{x)), Ng{t,p,q){x) : = 
f{t,x,p{x),q{x)), for a.e. x G [0,/], then it is clear that (jH 8 l) can be put as an 
abstract equation (with u := {p,q,r)) 

u = —Au + E{t, u). 

We shall apply Theorem l 6 . 6 l to find a periodic (mild) solution of the system (|38l) . 

To this end, observe that, under these assumptions, for any (pi, gi, ri), (p 2 , g 2 , 'r 2 ) G 
E and f > 0, 

||F(f,pi,gi,ri) - F(f,p 2 ,g 2 ,r 2 )||| = y\\Nf{t,pi,qi) - iV/(f,p 2 , g 2)||^2 + 

+a\\Ng{t,pi,qi) - Ng{t,p 2 ,q 2)\\\2 + oiya |o-^(a(ri - r 2 ) - (h(ri + e{t)) - h{r 2 + e(f))))|^ 

< {yL} + aLDiWpr - p 2 \\l, + \\q, - q 2 \\l 2 ) + ay2{a^ + Ll)\r, - r 2 p 
^maxlLj + aLl/y, yLj/a + Ll, 2{a‘^ + Ll)/a} ||(pi,gi,ri) - (p 2 , g 2 , ^ 2 ) 111 , 

which, in view of (HO)) . means that {H3b) is satisfied. It is also easy to see that E 
is bounded, since first two coordinates are bounded directly by the assumption 
and, for the third one, 

|(T“‘(ar- /i(r+ e(()) -i(())l < <r-'(\a(r + e(t)) - h(r + e(t))\ +a|e(«)| + \j(t)\) 

< a-\b + o max |e(r)| + max |j(t)|). 


Thus, by use of Theorem [6Tl we conclude that (|38l) possesses a T-periodic (mild) 
solution. 
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We finish with an example showing that the results of the paper may be also 
applied to parabolic partial differential equations where the semigroup of the 
proper differential operator may not be compact and the results of [5] do not 
apply. 


Example 6.8 Suppose C is an open set contained in a strip of with 
d > 0, i.e. there is jo G N} such that, for any x G ff, |xj(,| < d. Dehne 

A : D{A) by D(A) := {u G | Aw G and Au := —Au. 

Then —A generates a Cq semigroup Sa on such that ||5'^(t)|| < for 

some a; > 0 and alH > 0. Indeed, by the Poincare inequality, 

{Au,u)l2 = / IVnpdx > 4 d“^||M||^ 2 , 

Jn 

which guarantees that —A generates a Cq semigroup such that ||5'^(t)|| < 
with 00 := 
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